INTRODUCTION
Let X be a topological vector space, Y an ordered topological vector space, and 9(X, Y) the space of all linear and continuous mappings from X into Y. If T is an operator from X into 9(X, Y) (generally multivalued) with domain D(T), T is said to be monotone if for all xieD (T) and Aie T(x,), i= 1, 2. In the scalar case Y = R, this definition coincides with the well known definition of monotone operator (cf. [ 12, 4] ). An important subclass of monotone operators T: X+ 9(X, Y) consists of the subdifferentials of convex operators from X into Y, which have been studied by Valadier [ 171, Kusraev and Kutateladze [ 111, Papageorgiou [ 131, and others. Some properties of monotone operators have been investigated by Kirov [7, 81 , in connection with the study of the differentiability of convex operators.
In this paper we begin our investigation of the properties of monotone operators from X into 3(X, Y) by introducing, in Section 3, the notion of hereditary order convexity of subsets of 9(X, Y). This notion plays a key role in our discussion and expresses a kind of separability between sets and points, Its interest relies on the fact that the images of maximal monotone operators are hereditarily order-convex.
The main result of Section 4 is the equivalence, under suitable hypotheses, of upper demicontinuity to upper hemicontinuity for monotone operators.
In Section 5, we prove the local boundedness of monotone operators T: X-+ 2(X, Y) in case X is a Frechet space and Y a normed space with normal cone. For corresponding continuity and boundedness results in the scalar case we refer to [6, 4, 10, 5, 151. 83 As an application of the above results, we prove in Section 6 that the subdifferential dF of a convex operator F: X+ Y with closed epigraph is maximal monotone. For Y= R, this is a well known theorem of Minty c121.
NOTATIONS AND DEFINITIONS
Throughout this paper we shall denote by X a real locally convex Hausdorff space and by Y a real locally convex Hausdorff space which is also an ordered linear space with closed positive cone Y, (cf. [14] ). Let 9 = 2(X, Y) be the space of all linear and continuous mappings from X into Y. We denote by 5Z'JX, Y) the space 5?(X, Y) endowed with the topology of simple convergence (cf. [9] ).
Let T be a nonlinear multivalued operator from X into 55'. The effective domain of T is the set D(T) = { x E X: T(x) # a} and the graph of T is the subset of Xx 9 given by T is said to be monotone, if
for all (x,, Ai)~G(T), i= 1, 2.
A monotone operator T is called D-maximal (resp. maximal) if the following condition is satisfied: if x,, E D( T) (resp. x0 E X) and A, E di"(X, Y) are such that (A,-A)(x,-x) 20 for all (x, A)E G(T), then &E T(x,). An operator T: X--P 2 is said to be locally bounded at x0 ED(T) if there exists a neighborhood U of x0 such that the set
is an equicontinuous subset of 9(X, Y). If Kc 2 and x E X, we denote by Kx the set (Ax: A E K}. We write <x*, x) in place of x*(x) for x E X and x* E X*. Proof: As in the special case Y= R one can prove that T(x) is s-closed and convex [4] . Now, let A E [ T(xo)lh, X~E D( T).
Then for each XE X there exists A' E T(x,) such that
For any (x, B) E G(T) we have
Since T is D-maximal, we conclude that A E T(x,). Thus T(x,) is HOC.
One can easily verify that [Klh is the smallest HOC subset of 3' containing K. In the special case Y= R, the HOC-cover of a set Kc 9(X, R) = X* is given by the following proposition which is an easy consequence of the Hahn-Banach Theorem. (ii) Every HOC subset of X* is convex.
We note that a convex subset of X* is not necessarily HOC, as the following example shows. EXAMPLE 1. Let X= cO, X* = 1, and let K be the convex subset of I, defined by K = {f = (A.) E 1, : CP;=, f, = 1). K is a hyperplane defined by the element (1, 1, . . . . 1, . ..) E I,. Thus K is not w*-closed and so K is w*-dense in 1,. Therefore K cannot be contained in any w*-open half-space, so [K]" = X*. In particular, K is not HOC.
We note that when Y # IR, convexity is not related to hereditary order convexity. EXAMPLE 2. Let X= R and Y = R* with the usual order. Then the space S!(R, R*) is isomorphic to lF*, since to every A E 3' corresponds an element a = (a, b) E R* such that Ax = xi, x E R. It can be easily seen that a subset K of 9 is HOC iff the corresponding subset 2 of IF!* is orderconvex. Now, the set N corresponding to I?= { (1, -l), (-1, l)} is HOC but not convex. On the other hand, the set Q corresponding to Q = {(a, a): 0 6 a < 1) is convex and closed but not HOC. 
Let {t,} be a sequence of positive numbers such that t, -+ 0 as n + 00. We set x, = x0 + t, As we shall show now, the relative compactness of T(x) involved in the above theorem is ensured under suitable assumptions for X and Y.
A subset K of P'(X, Y) is said to be weakly order bounded if for each XEX. Kx is an order bounded subset of Y. Since T is D-maximal monotone, we conclude that A, E T(x,) which is a contradiction. Therefore, T is upper demicontinuous.
The following theorem is a simple consequence of Theorems 1 and 2. (
ii) For each x E D(T), T(x) is closed and HOC.
Then T is upper demicontinuous iff it is upper hemicontinuous..
Remark. When Y = R, the equicontinuity of a subset of L&(X, R) = X* implies its w*-relative compactness. In addition, a w*-closed subset of X* is HOC iff it is convex. Thus Theorem 3 generalizes an analogous result proved in [lo].
LOCAL BOUNDEDNESS OF MONOTONE OPERATORS
Let T: X-+ 2(X, Y) be a monotone operator. It is known [S] that if X is a Frechet space and Y = R, then T is locally bounded at any interior point of D(T). The same conclusion has been obtained by Kirov [7] in case X is a Banach space, Y a normed lattice, and D(T) = X. In what follows we generalize these results when X is a Frechet space and Y a normed space with normal cone.
The proof of the following lemma is similar to the proof of the lemma in [S].
LEMMA 2. Let X be a FrCchet space, Y a normed space, {x,} a sequence in X conoerging to 0, and {A,} a sequence in 9(X, Y) such that the set {A,,neN} is not equicontinuous. Zfa,=max{l, IIA,xJ) and B,=A,/a,, then there exists x0 E X and a subsequence { B,k} of {B,) such that IIBn~xoll -+ ~0.
ProoJ We shall first show that the set (B,: n E N } is not equicontinuous. If a,, = 1 for all sufficiently large n, the assertion is obvious. Otherwise, for some suitable subsequence we shall have IIB12~RII = 1. Since x, + 0, (B,} is not equicontinuous. Therefore, {B,} is not bounded in ys(X, Y) [9, p. 1371. Thus there exists a neighborhood W= (AE L: llAxoll < 1 } for some fixed x,, E X, such that for all A > 0, {B,: n E N } will not be a subset of 2 W. So for any k E N there exists B,, such that B,, 4 k W. Hence IIBnkxOII 2 k, which implies JIBnLxOII 4 co. THEOREM 4. Let X be a Frechet space, Y a normed space with a normal cone, and T: X + 9(X, Y) be monotone. Then T is locally bounded at any algebraic interior point of D( T).
Proof
Suppose that x' is an algebraic interior point of D(T) and T is not locally bounded at x'. Without loss of generality, we may assume that x' = 0. Let d be a metric defining the topology of X.
If U, = {x E X: d(0, x) < l/n}, then T( U,) is not equicontinuous. Therefore, T( U,) is not bounded in .P'(X, Y) with respect to the topology of bounded convergence [9, p. 1373. This topology is generated by a metric p [9, p. As one can easily verify, { ll~,,ll} and { I(uJ ) are bounded, which contradicts IIBnz,,/l + co.
In Theorems 1,2, 3 no reference has been made as to the topology of Y, which usually is taken to be the weak topology (see [ 17, 181) . From the next corollary it follows that in this case and under suitable assumptions the assertion of Theorem 4 can be strengthened and the hypothesis (i) of Theorem 3 is redundant. which means that AeaF(x). Thus aF(x) is HOC.
As an application of our preceding results, we shall now prove a generalization of Minty's theorem on the maximality of the subdifferential operator [ 121. forall xEX.
Hence (x,, A,) E G(aF). So G(aF) is closed and aF is maximal.
(ii) Let J be the canonical injection from Y into Y**. As before the mapping F is continuous, so the mapping Jo F is convex and continuous. It follows from part (i) of the theorem that the operator a(Jo F) is maximal monotone.
